Introduction
Here (A, m, k) is a commutative noetherian local ring with its maximal ideal and its residue field, with dim A = d. When the ring is Gorenstein, we usually denote it by (R, m, k).
In local algebra, the Bass numbers of an A-module M carry a lot of information. Let us recall them: µ Hochster's Canonical Element Conjecture (CEC) asserts this always to be the case; he was able to prove the conjecture when A is an equicharacteristic ring. We mention that CEC need only be proved for a complete noetherian local ring A, which therefore has a canonical module K A (i.e. a finitely generated A-module
We recall the following Theorem 1 [5] . Assume that the ring A has a canonical module
On the other hand, let M be a finitely generated A-module of dimension s. It is interesting to know whether the reduced Bass number ν s A (M ) vanishes or not. In this respect there is Proposition 2 [6] , [7] . Let M be a finitely generated A-module of finite injective dimension (FID) 
From the above, we hope it is clear that the reduced Bass numbers are also important, although they are more difficult to understand and to control than the ordinary Bass numbers. But we can say a little something, which is the purpose of this note.
When the local ring A has a canonical module K A , we relate the reduced Bass number ν d A (M ) of a finitely generated A-module M to its K A -preenvelope. Most of our next results can be formulated for a Cohen-Macaulay local ring with canonical (dualizing) module, but they are easier to state and understand for a Gorenstein local ring (R, m, k), which coincides with its canonical module and whose modules of finite injective dimension are precisely the ones of finite projective dimension. We relate the reduced Bass numbers of an FID R-module to its syzygies. Then we show that the invariant ν d A (M ) of a finitely generated R-module M is in some sense dual to its Auslander invariant δ(M ), which will be explained in section 4. We shall see that the invariants ν d and δ can be computed in a dual way and that they are nicely intertwined.
Finally we show that CEC can be formulated in terms of the vanishing of the δ-invariant for certain modules over Gorenstein local rings and conclude with an application of these ideas and an example pertaining to them.
More information on this subject can be found in [9] , to which we also refer for more complete proofs. 
Assume that the local ring A has a canonical module
The following extends Theorem 1.
The inequality is obvious. The integers involved are stable under completion, so we can assume that A is complete, hence a homomorphic image of a Gorenstein local ring of the same dimension. This case is taken up in ( [9] , 6.9). Here is a particular case of ([9], 2.5) which is easier to prove. 
Theorem 4 Let g : Z → N be a map between finitely generated R-modules, and assume that Z is an FID module (i.e. a module of finite injective dimension
is the identity on R n 1 . This shows that R n 1 is a common direct summand of Z and N under g. In particular, 
This is an analogue of Foxby's identity [3] which relates Bass and Betti numbers:
Reduced Bass numbers and Auslander's invariants
Let M be a finitely generated module over the Gorenstein local ring R of di- Among these, there are minimal ones, unique up to isomorphism, and it is known that the approximation given by f (resp. the hull given by f ) is minimal if and only if f-rk(g) = 0 (resp. if and only if f-rk(g ) = 0) if and only if the map Ext
, Lemma 2.3) and [12] ; for a different proof, cf. ([9], 3.1, 3.3 ).
Auslander and Buchweitz suggested to use these approximations to attach new invariants to a module M . On the other side, the free rank of Y in a minimal hull of finite injective dimension of M is also an invariant of M . But it turns out that we have already encountered it. Thus the δ-invariant and the ν d -invariant are in some sense dual to each other, and this duality is reflected in some of their formal properties, though the situation is far from being symmetric.
be a minimal hull of finite injective dimension of the finitely generated module M . Then
We first observe that these invariants can be computed in a dual way. Here is the counterpart (over a Gorenstein local ring) of Theorem 3.
(This is easily deduced from Theorem 4, see ([9], 3.8 or 4.1). Notice that the Gorenstein version of Theorem 3 can be deduced from Theorem 4 in the same way.)
. . (The last implication in fact goes both ways [10] ).
(For the proof, we compute dimensions in the exact sequence of k-vector spaces Ext
However, CEC and MC are equivalent when taken over the whole class of noetherian local rings [5] . Thus all intermediate conditions in the theorem provide us with new formulations of these conjectures. Their truth when working over a field, in turn, pays unexpected dividends in the module theory of equicharacteristic Gorenstein rings, of which we provide a sample in the next section.
Application
Quite generally, it is known that the annihilator of an A-module M of finite projective dimension with dim M = dim A is null. For an equicharacteristic Gorenstein ring we can say more. Proof. Since Ass R consists of all the minimal primes, the module Z is unmixed of maximal dimension, and therefore a first syzygy. Thus Z ⊂ R t for some t. Any nonnull element z ∈ Z is also nonnull in the free module R t ; its annihilator is therefore an annihilator ideal in R.
Now let z be a minimal generator of Z. Define g : R → Z by g(1) = z. Extend g to a minimal surjection f : R n → Z and observe that ker f is an FID module, so that we have a maximal Cohen-Macaulay approximation of Z which is minimal. We saw in section 4 that Ext 
Example
Over a d-dimensional local noetherian ring A, it is known that for a finitely generated module M , there is an equality ν In the 3-dimensional projective space over an algebraically closed field K, let C be a curve geometrically linked to a pair of skew lines (the quartic given parametrically by (s 
